In the paper, we consider the Cauchy problem of the non-resistive MHD equations in homogeneous Besov spaces. We prove the local existence and uniqueness of the solution to the non-resistive MHD equations by using the iterative scheme and compactness arguments. Our obtained result improves considerably the recent results in [2, 11] .
Introduction
In this paper, we consider the following non-resistive MHD equations (d ≥ 
in [7] and
, 0 < ε < 1 in [8] . Chemin et al. in [2] proved the local existence of solutions to (1.1) in R d , d = 2, 3 with the initial data
2,1 (R d ) and also proved the corresponding solution is unique in 3D case. Recently, Wan in [11] obtained the uniqueness of the solution in the 2D case by using mixed space-time Besov spaces.
However, the local existence and uniqueness of the solution for the Cauchy problem of the non-resistive MHD equations in homogeneous Besov spaces has not been studied yet. Whether or not the solution for the Cauchy problem of the non-resistive MHD equations exists locally in time and is unique in homogeneous Besov spaces is an open problem which was proposed by Chemin et al. in [2] . In the paper, our aim is to solve this open problem by establishing the local existence and uniqueness of the solution for the Cauchy problem (1.1) in homogeneous Besov spaces.
For convenience, we transform the system (1.1) into an equivalent form of compressible type. By using divu = divB = 0, we have
Therefore, the system (1.1) is formally equivalent to the following equations
where P = I + ∇(−∆) −1 div and divu 0 = divB 0 = 0. To solve (1.2), the main difficulty is that the system is only partially parabolic, owing to the magnetic equation which is of hyperbolic type. This precludes any attempt to use the Banach fixed point theorem in a suitable space. Therefore, we would like to present a general functional framework to deal with the local existence and uniqueness of the solution for the compressible fluids of (1.2) in the homogeneous Besov spaces.
Our main result can be stated as follows:
Assume that the initial data u 0 ∈Ḃ [11] , and our proof is more brief than that in [11] .
The paper is organized as follows. In Section 2, we recall the Littlewood-Paley theory and give some properties of homogeneous Besov spaces. In Section 3, we prove the local existence and the uniqueness of the solution to the system (1.2).
Notations. In the following, we denote by ·, · the action between S ′ (R d ) and S(R d ). Given a Banach space X, we denote its norm by · X . Since all spaces of functions are over R d , for simplicity, we drop R d in our notations of function spaces if there is no ambiguity.
Littlewood-Paley Analysis
In this section, we first recall the Littlewood-Paley theory, the definition of homogeneous Besov spaces and some useful properties. Then, we state some applications in the linear transport equation and the heat conductive equation.
First, let us introduce the Littlewood-Paley decomposition. Choose a radial func-
The frequency localization operator∆ j andṠ j are defined bẏ
With a suitable choice of ϕ, one can easily verify thaṫ
LITTLEWOOD-PALEY ANALYSIS
Next we recall Bony's decomposition from [1] :
The following Bernstein lemma will be stated as follows (see [1] ):
Now, we will introduce the definition of the homogeneous Besov space. We denote the space 
It is easy to check that ||Pf ||Ḃ s p,r ≤ C||f ||Ḃ s p,r for some positive constant C. We also need to use Chemin-Lerner type Besov spaces introduced in [1] ,
is defined as the set of all the distributions f (t) satisfying ||f ||Lq
By Minkowski's inequality, it is easy to find that ||f ||Lq
We state the following logarithmic interpolation inequality which will be useful in the sequel (see [5] 
).
Next, we give the important product acts on homogenous Besov spaces or CheminLerner type Besov spaces by collecting some useful lemmas from [3, 4] . 
LOCAL EXISTENCE AND UNIQUENESS IN HOMOGENEOUS BESOV SPACES
Finally, we will present the priori estimates of the linear transport equation
and the heat conductive equation
in homogenous Besov spaces. The following estimates will be frequently used in the sequel (see [6] ).
and f is the solution of (2.1).
Then there holds for
where V (t) = 
Local existence and uniqueness in homogeneous Besov spaces
In this section, we will show the local existence and uniqueness of the solution to the system (1.2) with the initial data in homogeneous Besov spaces. However, because the whole system is not fully parabolic, the strong convergence of the sequence is shown for a weaker norm corresponding to a loss of one derivative. For that reason, the uniqueness issue is tractable by taking advantage of a logarithmic interpolation inequality together with Osgood's lemma.
LOCAL EXISTENCE AND UNIQUENESS IN HOMOGENEOUS BESOV SPACES
In the following, we divide the proof of Theorem 1.1 into four steps to prove the local existence and the uniqueness of the solution to the system (1.2).
Step 1: An iterative scheme. We will use an iterative scheme to obtain the approximating sequence to the system ( Starting from the above term (u 0 , B 0 ), we define by induction a sequence (u n , B n ) n∈N of smooth functions by solving the following linear transport and heat conductive equations:
Step 2: Uniform estimates. Taking advantage of Lemmas 2.8 -2.9, we shall bound the approximating sequence in the expected solution space on some fixed time interval. That is, for all T > 0 and n ∈ N, we have (u n , B n ) ∈ E p T . Now, we claim that there exists some T > 0 independent of n such that the solution (u n , B n ) n∈N satisfies the following inequalities for some positive constants C 0 > 1 and η < 1 (to be determined later):
≤ η,
. Now, we suppose that T satisfies the following inequality:
It is easy to check the conditions (H 1 ) -(H 2 ) hold true for n = 0 by (3.2) . In what follows, we will show that if the conditions (H 1 ) -(H 2 ) hold true for n, then they hold true for n + 1. First of all, we get by Lemma 2.6,
.
(3.3) SPACES
It follows from Lemma 2.9 and (3.3) that
By Lemma 2.6 and Lemma 2.8, we have
), (3.5) where
dτ . Then, combining (3.4)-(3.5) and the conditions (H 1 )
-(H 2 ), we obtain ) + C||div(−u n ⊗ u n + B n ⊗ B n )||
Therefore, if choosing η < min{
4C
, E 0 }, C 0 > 8(C + 1) and T < , then we infer from (3.6)-(3.7) that
This implies the conditions (H 1 ) -(H 2 ) hold true for n + 1. Therefore, we deduce that the approximate sequence (u n , B n ) n∈N is uniformly bounded in E p T independent of n.
Step 3: Existence of a solution. Now, we will use the compactness argument in Besov spaces for the approximating sequence (u n , B n ) n∈N to get some solution
